In this paper we investigate the asymptotic behavior, as time tends to infinity, of the solutions of a non-autonomous integro-partial differential equation describing the heat flow in a rigid heat conductor with memory Existence and uniqueness of solutions is provided. Moreover, under proper assumptions on the heat flux memory kernel and on the magnitude of nonlinearity, the existence of uniform absorbing sets and of a global uniform attractor is achieved. In the case of quasiperiodic dependence of time of the external heat supply, the above attractor is shown to have finite Hausdorff dimension.
Abstract.
In this paper we investigate the asymptotic behavior, as time tends to infinity, of the solutions of a non-autonomous integro-partial differential equation describing the heat flow in a rigid heat conductor with memory Existence and uniqueness of solutions is provided. Moreover, under proper assumptions on the heat flux memory kernel and on the magnitude of nonlinearity, the existence of uniform absorbing sets and of a global uniform attractor is achieved. In the case of quasiperiodic dependence of time of the external heat supply, the above attractor is shown to have finite Hausdorff dimension.
Introduction.
Let S] C M3 be a fixed bounded domain occupied by a rigid, isotropic, homogeneous heat conductor with linear memory. We consider the following integro-partial differential equation, which is derived in the framework of the wellestablished theory of heat flow with memory due to Coleman and Gurtin [8] :
d r* cottO -k0A9 -/ k(t -s)A6(s) ds + g(6) = h on SI x (r, +oo), 'di (x, 9(x,t) -Oq(x), x E fl.
(0.1) 8(x,t) = 0, x G dfl, t > t, 662 CLAUDIO GIORGI. VITTORINO PATA, and ALFREDO MARZOCCHI where 9 : f2 x R -► R is the temperature variation field relative to the equilibrium reference value, k : R+ -» R is the heat flux memory kernel, and the constants cq and ko denote the specific heat and the instantaneous conductivity, respectively. The function h : Q x [r, +00) -► R is a time-dependent external heat source, whereas g : R -> R is a nonlinear heat supply.
System (0.1) was studied in [14] , assuming a time-independent external heat source h and a polynomial nonlinearity g. Along the line of the procedure suggested by Dafermos in his pioneer work [11] , we introduce the new variables 9t(x,s) -6(x,t -s), s > 0, and rf {x, s) = f 9t(x,y)dy= f 9(x,y)dy, s > 0. is the prescribed initial integrated past history of 9(x, t), which does not depend on 9q{x), and is assumed to vanish on dfl, as well as 9(x,t). As a consequence, it follows that 77t(x,s) = 0, x £ dfl, t > r, s > 0.
Indeed, the above assertion is obvious if t < t -s, and if r > t -s we can write rf (x, s) = 170(2, r + s -t) + J 9(x, y) dy.
In the sequel we agree to denote by dt or more simply by t the derivation with respect to t, and denote by a prime the derivation with respect to s. The constitutive quantities Co,ko, and [i are required to verify the following set of hypotheses:
(hi) c0 > 0, k0 > 0;
(h2) n £ C1(R+)nL1(E+), n{s) > 0, n'{s) < 0, Vs € R+; (h3) /i'(s) + 5fi(s) <0 Vs € R+ and some 6 > 0.
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Notice that (h3) implies the exponential decay of /u(s). Nevertheless, it allows /z(s) to have a singularity at s = 0, whose order is less than 1, since /z(s) is a nonnegative L^function. Now, taking for simplicity cq = 1, and denoting z[t) = (0(t), rf), zo = (0q, 770), and We recall that existence, uniqueness, and stability of the linear problem corresponding to (0.1) (i.e., with 3 = 0) have been investigated by several authors (see, e.g., [13, 15, 18, 19] ). Related results, which include phase transition phenomena, are in [3, 9] . On the other hand, when no memory effect occurs, long-time behavior of semilinear parabolic problems like (0.1) with k = 0 have been widely studied, both for autonomous and nonautonomous equations (see, e.g., [5, 6, 7, 22] ). However, the main aim of this paper is to study the role played by the memory term as time tends to infinity. Results concerning asymptotic behavior of solutions for semilinear problems in the presence of nontrivial terms of convolution type, involving the principal part of the differential operator, can be found in [1, 12, 14, 16] .
In this paper, due to the time-dependence of h, the evolutive system (0.3) of differential equations is non-autonomous.
Therefore, in order to study its asymptotic behavior, we have to introduce the notion of process, which is a generalization of the semigroup of operators on a Hilbert space. Definition 0.1. A two-parameter family {[/(£,r)}t>TiTeH of operators on a Hilbert space is said to be a process if the following hold:
(i) U(r, r) is the identity map on Ti for any r € M;
(ii) U(t,s)U(s,T) = U(t,r) for any t > s > r; (iii) U(t, t)x -> x as t j r for any x G 7i and any rei In Theorem 2.1 and Theorem 2.2 below we show that, given zq in a suitable Hilbert space H, under proper conditions on g and h, there exists a unique solution z(t) in H to problem (0.3), which continuously depends on zq. Thus, we can define the family of processes Uh{t,r), depending on the functional parameter h, and acting on H, as Uh(t,T)z0 = z(t), (0.4) where z(t) is the solution at time t of (0.3) with initial data zq given at time r. The parameter h is usually called the symbol of the process. Notice that if h is time-independent, the process Uh{t,r) reduces to a semigroup by setting 3h(t)=Uh(t,0).
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The study of the long-time behavior of the family of processes Uh{t,r) will be carried out in Sec. 3 and Sec. 4, where, using the techniques of [5, 6] , we prove the existence of absorbing sets in H and in a smaller space V, and of a global attractor.
In all cases, the objects are uniform since h is allowed to move in a suitable functional space. Finally, in Sec. 5 we show that for a particular choice of the symbol space (namely for an external heat supply with a quasiperiodic dependence on time) the Hausdorff dimension of the uniform attractor is finite. The reader is referred to [7] for a more detailed presentation of the subject. Here we just highlight that ^(R, X) C 7^(R, X). Moreover,
We also remark that the class 7^'(R, X) is quite general. For example, it contains Lq(R,X) for all q > p, the constant X-valued functions, and the class of almost periodic functions (see [2] ).
We now recall some technical results which will be needed in the course of the investigation. We conclude the section with a lemma which will be needed in the last part of the paper (for the proof see [22] , pp. 300-303). 
Existence and Uniqueness.
In this section we establish existence and uniqueness results for problem (0.3). Unlike in [14] , where the nonlinearity is assumed to be an odd-degree polynomial of any order, here we are interested in considering more general nonlinear terms. Of course we have to pay the price of requiring additional properties. Here below is a list of conditions on g which will be used throughout the paper.
Conditions on the nonlinear term g. Let g G C(R), and assume that there exist nonnegative constants Cj, j = 1,2, 3,4, 5, and j3 > 0 such that
(g3) \g{u) -(?(f)| < c4|u -u|(l + |u|7 + H7) with 7 = max{/3 -1,0};
(g4) g G CX(R) and g'(u) > -c5. Furthermore,
Proof of the above result recasts exactly the Faedo-Galerkin scheme used in [14] . The only difference here depends on the presence of a time-dependent heat supply h € L\oc(Rt,L2) + L2oc(RT, H^1), which can be easily handled making use of the Gronwall lemma.
We just recall two relations from [14] which will be needed later. The first is obtained by taking the inner product in H of (0.3)i and z = (9,rj), applying the divergence theorem, performing an integration by parts, and using (h2), whereas the second one is obtained by integrating the first one from r to T, along with proper estimates:
jf for some C > 0 independent of T. In order to obtain uniqueness results for (0.3), further restrictions on g are needed. We shall provide two uniqueness results under different hypotheses. Proof. Suppose that z\ = (#1,771) and zi = (#2,7/2) are two solutions of (0.3) with initial data zw and Z20, respectively, and set z = (9,fj) = z\ -Z2 and zq = z 10 -^20-Taking the difference of (0.3) i with z\ and z2 in place of 2, and taking the product by 5 in H, we get (repeating the argument leading to (2.1))
where we used (h2) to delete the integral term.
Suppose first that (g3) holds with /? < X. Since ii^iu < ciiv^irii^n1- with Uh(t,r) given by (0.4). The aim of this section is to prove in either case the existence of a bounded absorbing set, which is uniform as h runs into a given functional set, typically a complete metric space. Such a set is sometimes called the symbol space. In the sequel F will always denote a symbol space. We also agree to call 0, R) the open ball in £ with center 0 and radius R > 0. Observe that, in the above proof, condition (g3) with (3 < | or (g4) are used only to formulate the result in terms of process (and therefore uniqueness of solution is required). If we relax (g3) and (g4), the very same uniform bound holds for a (not necessarily unique) solution of (0.3).
In order to get an absorbing set in V, we have to strengthen the hypothesis on the symbol space. 
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Notice that £(r) is increasing in r. Set now, with reference to (3.2), p > \Al>. According to Theorem 3.2 there exists t.R > 0 such that < p whenever t > r + t^. Thus from (3.10)-(3.11) we get that , # + )(1 -^)e-"-r,+a ) V(>T + (B.
(1 -cr)2
Therefore, we ^et thcit every b8.ll with pf is a uniformly absorbing set in V as h G F. □
Existence of a Uniform
Attractor. We begin recalling some definitions due to
Haraux [17] . The above minimality property replaces the invariance property that characterizes the attractors of semigroups. It is also clear from the definition that the uniform attractor of a family of processes is unique.
The fundamental results of Chepyzhov and Vishik (see [5, 6] ) that we are going to exploit read as follows.
Theorem

Assume that F is a compact metric space and that there exists a continuous semigroup T(t) acting on it that satisfies the translation equality Uh{t + s,r + s) = UT(s)h(t,T) VheF. (4.2)
Assume also that Uh{t, r) is continuous as a map H x F -> H, for every ret and t>T. Then if the family {Uh(t,r),h G F) is uniformly asymptotically compact, it possesses a compact uniform attractor given by A = ( z(0) such that z(t) is any bounded complete 1 \ trajectory of Uh(t, r) for some h G A(F) )
where A(F) is the attractor of the semigroup T(t) on F.
The existence of A(F) is assured from the well-known theorems about the attractors of semigroups (see, e.g., [22] ). 
The set A = A x A(F) C H x F is the attractor of the semigroup S(t) acting on H x F defined by S(t)(z0,h) = (Uh(t,0)zo,T(t)h). (4.3)
Prom the translation equality (4.2), it is immediate to verify that S(t) is a semigroup. Using standard techniques, one could prove directly the existence of an attractor A for S(t). The peculiarity of f Jo
Our goal is to build a compact uniformly attracting set for the process. In the sequel, let p > 0 be fixed such that Bn(0,p) is a uniformly absorbing set in H for Uh{t,r), as ft 6 F (whose existence is assured by Theorem 3.2). Moreover, with reference to Proof. We parallel the proof of Theorem 3.3 (with zn in place of z), the only difference being the evaluation of the term 2(g{6), A9n). Indeed in this case, using Young's inequality, (gl), and Lemma 1.3, we obtain 2(g(0),A6N) < ~\\A0n\\2 + ^||1 + |6f||2 From the compact embedding H2 fl H{j <-t H(j and Lemma 4.6, K. is compact in Ti. We need to show the uniform attraction property. Let B C H. be a bounded set, with R = sup,eB \\zWu, and let t* = t*(B) be such that, for every h G F, Uh(t,r)B C Bh(0,p) Vt>r + t*.
Let then t > tp +1* + r, and set t = t -tp -t* -r > 0. Using the process properties we get that uh(t + tp + t*+T, t)B = Uh(t + tp + t* + r,t* + t)Uh(t* + r, t)B C Uh(t4-tp + t* + r,t* + r)B"(0, p).
Pick any z{t) G Uh(t,t)B, for t > tp + t* + t. Applying (4.9) with ta = r + t*, we get ||AM<)||2 < IMOIIv < r(i + Mr + t*)\\n)4 < F(1 + pf.
It is then apparent that zjv(f) G /C. Therefore, from (4.6), inf ||z(t) -m\\n < |M*)||w < V2Re'^^ Vt > tp + t* + r.
mG/C
The above inequality being independent of h G F, we conclude that supdist{Uh{t,T)B,K.) < V2Re-e-?{t-T) Vf > tp + t* + r.
heF Hence (4.1) holds, and the result is proved. □ We are now ready to state the main result of the section. T{t)h{s) = h{s + t), heH(f) (i.e., T(t) is the translation semigroup acting on H(f)). It is then immediate to verify the translation equality (4.2). From Proposition 4.7, with $ = ||/||rb2(R.L2)) we get that the family {Uh(t,r),h 6 H(f)} is uniformly asymptotically compact. The proof of the (H x H(f),H)-continuity is practically identical to the proof of Theorem 2.2, and is therefore omitted. □ Notice that the attractor of the semigroup T(t) on H(f) coincides with the entire space H(f).
In the course of the investigation, we showed that B-u(0,p) x H(f) is a bounded absorbing set for the semigroup S(t) defined in (4.3). In particular, 5^(0, p) x H(f) is connected in H x H(f).
Indeed, it is immediate to see that {/(• + r)}rSR is path connected, and therefore its closure, i.e., H{f) is connected. Then by [17] , Proposition 5.2.7, the attractor A of S(t) is connected, and so is its projection on Ti. We summarize this discussion in the next corollary. and, using the uniform Gronwall lemma (see, e.g., [22] ), it is easy to show that the above results hold for 0 < |. 5 . Hausdorff Dimension of the Uniform Attractor.
In the previous Theorem 4.3 and Theorem 4.4 it is shown that the uniform attractor A of the family {Uh(t, r),h G H(f)} is the projection on H of the attractor A of the corresponding semigroup S(t), acting onHx H(f). Therefore, the Hausdorff dimensions of these sets satisfy the inequality dime -4 < dimn A. In this section, along the line of [5] , we show that dimn A < 00 (and thus dimn A < 00) when the external heat source has a quasiperiodic dependence on time. where Ce = is a covering of X by balls of radii rt < e. We now state the fundamental result from [10] concerning the Hausdorff dimensions of fully invariant sets. We first need two definitions. if there exists m such that qm < 0, then dimn X < m.
As anticipated at the beginning of the section, we shall consider a quasiperiodic external heat supply, i.e., a function / : ft x R -> R of the form f(x, t) = $(x, At) = $(i, A it,..., A Kt), where <3>(a;,u;) G CX(TA,L2) is a 27r-periodic function of u> on the K-dimensional torus Tk, and A = (Ai,..., Ak) are rationally independent numbers. For further reference we agree to denote -$(z,w),...,^-$(x,w)J , oj = (wi,...,uK).
It is immediate to check that / G 7^,2(M,L), and h G H(f) if and only if h(x, t) = <3>(:r, At + u>0), lo0GTk.
Therefore, H(f) might be identified with TK, and the translation semigroup acting on H(f) is equivalent to the translation semigroup T(t) on TK, defined by T(t)ui o = [At + wo] = {At + wo)(mod 2tt)k .
In the remainder of the paper we shall denote £ = Hx , and we consider the semigroup S(t) acting on £ given by (4.3), with T(t) as above. Clearly, with reference to the previous section, the set A = A x TA (A being the uniform attractor of the family {Uw(t,T),w G TA}) is the attractor of S(t). For every wo = (20,^0) € £, the vector w(t) = S(t)wo = (z(t),cj(t)) is the solution of the differential equation In the above formula and in the sequel, without further warning, we use the complete decomposition of w, i.e., w = (9,ri,u>) = (Iliiy, II2W, Ilstf), where Ilj, j = 1,2,3, denote the projections on L2, L2(R+,//(J), and TK, respectively. We also define the operators A (linear) and F on £ by Aw = (Lz, 0) and F(w) = (G(z,uj), 0). Theorem 5.4. Assume (hl)-(h2), and let (gl)-(g3) with /3 < | and g G C^M) hold.
Then the semigroup S(t) acting on £ is uniformly quasidifFerentiable on any bounded set X that is invariant for S(t), i.e., S(t)X C X for every t > 0, and the quasidifferential S'(t,vuo) at the point wq = (zo,wo) = (#0,770,^0) satisfies the variation equation Then we conclude that, for every T > 0, which gives the required uniform quasidifferentiability. Finally, taking the inner product of (5.2) and W, and performing calculations analogous to those leading to (5.6), we obtain the estimate W{T)\\l < \\Wo\\2£C(T) VT> 0, which yields the last assertion of the theorem. □ It is immediate to verify that Theorem 5.4 still holds if we replace condition (g3) with (3 < | with condition (g4).
We now state our result about the dimension of the attractor. Let / G C^RjL2) be quasiperiodic in time. Then the uniform attractor A of the family {Uh(t,r),h G H(f)} given by Theorem 4.7 has finite Hausdorff dimension.
